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ABSTRACT

In this paper, the concept of weakly semi-comgatitind weak compatibility in Menger space hasrbapplied

to prove a commonly fixed point theorem for sixs®lps. An example has also given to support thaltre
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INTRODUCTION

There have been a number of generalizations ofiengtace. One such generalization is Menger spatiatéd
by Menger [4]. It is a probabilistic generalizationwhich we assign to any two points x and y, sirhution function k.
Schweizer and Sklar [8] studied this concept andgame fundamental results on this space. SehgaBharucha-Reid
[9] obtained a generalization of Banach Contractitninciple on a complete Menger space which is Bestine in

developing fixed-point theory in Menger space.

Recently, Jungck and Rhoades [3] termed a pairelifnsaps to be coincidentally commuting or equindie
weakly compatible if they commute at their coincide points. Sessa [10] initiated the tradition ofpioving
commutativity in fixed-point theorems by introdugithe notion of weak commuting maps in metric spadengck [2]
soon enlarged this concept to compatible maps.nbtien of compatible mapping in a Menger spaceli®®s introduced
by Mishra [5].

Cho, Sharma, and Sahu [1] introduced the concepewii-compatibility in ad-complete topological spaPopa
[7] proved interesting fixed point results usingpiiit real functions and semi-compatibility in dwoplete topological
space. In the sequel, Pathak and Verma [6] provemhamonly fixed point theorem in Menger space usiampatibility

and weak compatibility.

In this paper, a fixed point theorem for six seliym has been proved using the concept of weakly- sem

compatible maps and weak compatible maps.
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Preliminaries
Definition: A mapping F: R— R"is called a distribution if it is non-decreasiedt lcontinuous with
inf{F@|t0JR}=0andsup{F(t) |t R}=1.

We shall denote by L the set of all distributiomdtions while H will always denote the specific tdtsution

function defined by

0, t<O0
H(t) = .
1, t>0

Definition: A triangular norm * (shortly t-norm) is a binary enation on the unit interval [0, 1] such that ftiraa

b, ¢, dJ [0, 1] the following conditions are satisfied:
€) a*l=a;
((b) a*b=b*a;
((c) a*bl c*d whenever al cand b d;
(d) (d) a*(b*c)y=(a*b)*c.
Examples of t-norms are a*b =max{a+ b - 1a0H a * b = min {a, b}.

Definition: [8] A probabilistic metric space (PM-space) is an oedepair (X, F) consisting of a non empty set X
and a function F: X x X10L, where L is the collection of all distributionrfations and the value of F at (u,v)1X X X

is represented by,F. The function E, assumed to satisfy the following conditions:
(PM-1) R, (x) = 1, for all x > O, if and only if u = v;
(PM-2) R, (0)=0;
(PM-3) Ry = Ry
(PM-4) IfR,,(xX)=1and G,(y) =1thenk,(x+y)=1,
for all u,v,w - Xand x, y > 0.

Definition: [8] A Menger space is a triplet (X, F, t) where (X,i§) PM-space and * is a t-norm such that the

inequality
(PM-5) Rw(X+y) « Rv(X)*F, wy), forallu,v,w- -« X, x,y- 0.

Proposition: [9] Let (X, d) be a metric space. Then the metricdliges a distribution function F defined by, F
{t} =H(t-d(x,y)) forallx,y - Xandt> 0. Ift-norm *isa *b = min {a, b} faall a, b - [0, 1] then (X, F, *)is a
Menger space. Further, (X, F, *) is a complete Margpace if (X, d) is complete.
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Fixed Point Theorem in Menger Space For weakly Semi-Compatible Mappings 25

Definition: [5] Let (X, F, *) be a Menger space and * be a comtirauit-norm.

 Asequence {)} in X is said to be converge to a point x in Siten x, [ x) iff for every [ > 0 andlJ [ (0,1),
there exists an integegm, (1, (1) such that k. x (M)y>1-0forallni ng.

 Asequence {}} in X is said to be Cauchy if for every >0 andlJ [J (0,1), there exists an integey # ny(LJ, [J)
such that k, Xn+p(J) >1 -0 forallnlngandp > 0.

* A Menger space in which every Cauchy sequencerigargent is said to be complete.

Remark: If * is a continuous t-norm, it follows from (PM-4hat the limit of a sequence in Menger space is
uniquely determined.

Definition: [11] Self-mappings A and S of a Menger space (X, Rré) said to be weak compatible if they

commute at their coincidence points i.e. Ax = Sxfal X implies ASx = SAX.

Definition: [5] Self mappings A and S of a Menger space (X, Brd)said to be compatible i]i\gExn, SAX, xo1

for all x > 0, whenever {} is a sequence in X such that f8x, (] u for some uin X, asnJ[.

Definition: Self mappings A and S of a Menger space (X, Fret)said to be weakly semi-compatible Hsgv su
x) 0 1or I%Axn, au (X) O 1 for all x > 0, whenever {} is a sequence in X such that ASx, [1 u, for some u in X, as n

goo.

Now, we give an example of a pair of self-mapsT{pwhich is weakly semi-compatible but not complatib

Further, we observe here that the pair (T, S) isneakly semi-compatible though (S, T) is weaklynseompatible.

Example: Let (X, d) be a metric space where X = [0, 1] aKdKR, t) be the induced Menger space with(E) =
H(O - d(p, )),.] p, q1 X andJ [J > 0. Define self maps S and T as follows:

x if 05x<% 1-x if 05x<%
Sx= 1 And Tx = 1
1 if =<x<1 1 if =<x<1
DSMT4 2 DSMT4 2
1 1
Take ¥ = — ——. Now,
psmT4 2 N
FSm,l/Z (0) = HO - (A/n)).
Therefore, lim Fs, 10 (1) =H() = 1.

DSMT4 n-e

Hence, Sx[ 1/2 as n1 1]
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26 Arihant Jain, V.K. Gupta & Rajesh Kumar

Similarly, Tx, [0 1/2 as n [

Also

Ferx msx (1) = H(E—(——Ejj 01, 000 >0.
DSMT4 2.n

Hence, the pair (S, T) is not compatible.

Again, lim Fer 7() = lim Fer o(7) =H( -1-1) =10 0 >0.
DSMT4 n-« DSMT4 n-«

Thus, (S, T) is weakly semi-compatible.

Now, lim Frs, s(€)0 1,00 01>0.
DSMT4 n-«

Thus, (T, S) is not weakly semi-compatible

Remark: In view of the above example, it follows that th@cept of weakly semi-compatibility is more general

than that of compatibility.

Lemma: [11] Let {x,} be a sequence in a Menger space (X, F, *) withtiooious t-norm * and t * t1 t. If there

exists a constant k (0, 1) such that

Fr,x (Kt O Fi

n+1l

Lex @

forallt>0and n=1, 2, 3,..., thenJxs a Cauchy sequence in X.

Main Result
Theorem: Let A, B, S, T, L and M be self maps of a compltenger space (X, F, *) with t* 1T t satisfying :
L(X) O ST(X), M(X) O AB(X);
AB =BA, ST=TS, LB =BL, MT =TM,;

either L or AB is continuous;
(L, AB) is weakly semi-compatible and (M, ST) isakecompatible; There exists a constant k0, 1) such that
F2 Loy (KD*F agxix (KE). Fstymy(KD] 1 [PFagx, 1x(t) + AFasx, sty(t)]-Faex, my(2K1)
forallx,y0 Xandt>0where0<p,g<lsuchthatp+q=1

Then A, B, S, T, L, and M have a unique commondipeint in X.

Proof: Suppose 1 X. From condition (3.1.1)7 x;, X, [J X such that
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Fixed Point Theorem in Menger Space For weakly Semi-Compatible Mappings 27
Lxg= STx and Mx = ABX,.
Inductively, we can construct sequenceg end {y,} in X such that
Yon = LXon = ST¥nsr and  Yne1 = MXone1 = ABXxoniforn =0, 1, 2,
Step 1:Taking x = %,and y = %,.1in (3.1.5), we have
Py it { KO T B e (KD)-Fom, ey, (KO
= [PFaBxy, Lo (1) + AFaBx,,, STio, (D]-FaBx,, Mxyy,,(2KE)
Fzyzn' Yan+1 (kt)*[Fyzn-ryzn(kt) ) Fy2n, V2n+1(kt)]
. [pr2n' y2n—l(t) * quZn-l' Vzn(t)]'Fyzn' y2n+1(2kt)
Fy kt)[F

(kt) * F kt)]

2n V2n+1( Y2n-1¥2n Yon y2n+1(

Hp+ q)Fyzn' y2n-l(t)'Fy2n-l' y2n+1(2kt)

l:yzn'y2n+1(kt) Fyzn-r V2n+1(2kt) . Fy2n-1' Vzn(t) Fyzn-r y2n+1(2kt)'
Hence, we have

Fy2n, y2n+1(kt) - Fyzn-r y2n(t)'

Similarly, we also have

FV2n+r y2n+2(kt) b Fy2n, Yon+1 (®).

In general, for all n even or odd, we have

By v KD TRy ()

for k J (0, 1) and all t > 0. Thus, by lemma 2.1,{ys a Cauchy sequence in X. Since (X, F, *) is pdete, it

converges to a point z in X. Also its subsequercaserge as follows :

{Lx o} [0 Z, {ABXo} 1 Z, {MX2ne} 0 z and {ST¥%,.+} [1 2. (3.1.6)
Case |: Suppose AB is Continuous

As AB is continuous and (L, AB) is weakly semi-coatible, we get

LABXn+2 [ LZ and LABX%p., [1 ABzZ. (3.1.7)

Since the limit in Menger space is unique, we get
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Lz = ABz. (3.1.8)
Step 2:By taking x = AB%, and y = %1 in (3.1.5), we have

F2L A8y My, (K IF BB LAB,, (KO- Fsg 1wy, (KD)]

U0 [PFaBABX,,, LABX,, (1) + OFagABX,,, STo,, (D]-FaBABX H, Mxyy,,(2KE).-
Taking limit n(1 00

P2, aeK)*[F agz.ap2(Kt).Fz, AKD)] 0 [PFagz, ast) + O, asdt)]-Fz, as2kt)
1 [p + AR, asAD]F2, asAkt)]

F2, akt) O p + OF;, agA(t)

1 p + g, asAkt)

Fz, ABz(kt) U =1
psmT4 +~ G

P
1-
fork U (0, 1) and all t > 0. Thus, we have
z = ABz.

Step 3:By taking x = z and y =x.1in (3.1.5), we have

F Loy, (KA TF agz Lo(KO).- Fsm, . ey, (KD

" [PFagz, LAt) + OFagz, sTg,,, (D] Fagz, mx,, ,,(2K1)

Taking limit n(J 0

F2, LAKD*TF 2 o(kt).Fy, AKD] O [pF,, A1) + qF, A1)].F2, A2kt)

F2, L(Kt*F, (kD) 1 pRy, (1) + q.

Noting that E, | (kt) (' 1 and using (c) in Definition 2.2, we have
Fy, (kt) O pR, A1) + g

U pF, 1Akt) + g

F,, LAkt) O — =1

q
DSMT4 1-

©

for k 0 (0, 1) and all t > 0. Thus, we have z = Lz = ABz.
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Fixed Point Theorem in Menger Space For weakly Semi-Compatible Mappings 29
Step 4:By taking x = Bz and y =21 in (3.1.5), we have
P28z M, (KO [F aBBz L82(KD- Fsm, ., ey, ,(KD)]

" [PFagez, Lez(t) + AFassz, sTx,,, (D] Fagez, Mx,,,,(2K1).

Since AB = BA and BL = LB, we have

L(Bz) = B(Lz) =Bz and

AB(Bz) = B(ABz) = Bz.

Taking limit nJ 0, we have

F, s KO *[F 2. 8AKt).Fy, AkD)] [ [PFaz, 6At) + aF, sAt)].F2, s42Kkt)
Foedkt) O [p + OF, sA]F,, s42kt)

[P + gR, sAD]F, edkt)

Fzedkt) U p + g, A1)

1 p + gR, sAkt)

F, akt) (17 L
psmTa 170

P
1-—
fork 0 (0, 1) and all t > 0.

Thus, we have

z =Bz

Since z = ABz, we also have

z=Az

Therefore, z=Az =Bz = Lz.

Step 5:Since L(X) 1 0ST(X) there exists v1 X such that
z=Lz=STv.

By taking x = %,and y = v in (3.1.5), we get

FZLXZn,Mv(kt)*[FAB><2n,L><2n (kt)-FSTv, MV(kt)]

www.iaset.us editor @ aset.us



30
= [PFaBxy, Lxy, () + OFagx,,, st Faex,,, m(2KH).
Taking limit as nJ(1(1, we have
2K TF 2.AK0). Pz, (kO] T [PF, £8) + A, A0]F, md2Kt)
F2 k) Fzmkt) 0 (p + a)Fz, m(2KD).
Noting that E, y(kt) [0 1 and using (c) in Definition 2.2, we have
Fo m(Kt) 11y, wu(2kH)
1Ry D).
Thus, we have
z=Mv and soz=Mv = STv.
Since (M, ST) is weakly compatible, we have
STMv = MSTv.
Thus, STz = Mz.
Step 6:By taking x = %, y = z in (3.1.5) and using Step 5, we have
P2l MK MTF B, Ly, (KE)-Fsrz, mAR)]
= [PFaBxy, Lxyy () + OFagx,, , sTAD]-Fasx,,, Mz(2Kt)
which implies that, as 0[]
2 ma(KOM[F 2, AK0). Fuz, ma(KOT 1 [PF, £8) + AR, maB)].Fo, i 2Kt)
F2makt) 1 [p + R, vAD]F2, mA2kt)
U [P + R, mAD]FZ, mAKE)
Fomz(kt) [ p + gR, mAt)
1 p + dR, mAkt)

Fynat) (110 — =1

P
psmT4 170

Thus, we have z = Mz and therefore z = Az = Bz =IMz = STz

Step 7:By taking x = %,, y = Tz in (3.1.5), we have
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Case ll:

F2Lx2n,MTZ(kt)*[F By Loy, (KD)-FsTrz, MrAKE)]

= [PFagxy,, Lxy, () + OFasx,,, sTTAL)]-Fagx,,, m(2K1).

Since MT = TM and ST =TS, we have

MTz =TMz =Tz and ST(Tz) = T(STz) = Tz.

Letting nC10J171, we have

2, TAKO*[F 2, k). Frz, 14kt)] O [PF, A1) + OF, m48)].F2, 142k1)
Fordkt) 1 p + R, 14Y)

I p + gk, 1kt)

FrAkt) C10) — =1,

p
psmT4 170

Thus, we have z = Tz. Since Tz = STz, we also havé&z.

31

Therefore, z= Az =Bz = L.z = Mz = Sz = Tz, thatdds the common fixed point of the six maps.

L is Continuous

Since L is continuous, LLx [ Lz and L(AB)%, [] Lz.
Since (L, AB) is weakly semi-compatible, L(AB)X ABz.
Step 8:By taking X = L%, ¥ = %+ in (b), we have

2L M (KO IF ABL, Ly, (KD)-Fsmo o ey o(KD)]

7 [PFagLxy, Lix, (1) + OFagix,,, ST (D] FaBLx,, Mxo,, , (2KE)
Letting n1J [, we have

P LlKOMF Lo, (k). Fr, AKD)] T [PFL, 1o(8) + O, D] F, 1A2K0)
%, Ldkt) 1 [p + qF, LD)]F, A2kD)

U [P + AR, LADIF, kD),

Fy, i(kt) O p + gk, 1At

U p + sz, LZ(kt)l
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32 Arihant Jain, V.K. Gupta & Rajesh Kumar

Fy k) P

psmT4 170
Thus, we have z = Lz and using Steps 5-7, we have
z=Lz=Mz=Sz=Tz.
Step 9:Since M(X) I AB(X), there exists v X such that
z =Mz = ABv.
By taking x = v, y = ¥+1in (3.1.5), we have
FLumiy (KT apvu (K. Fsa, o ey, (KD
= [PFagy, Lu(t) + AFaBy, 5T, (D] FaBy, My, 2(2K1).
Taking limit as nJ ][], we have
P oK MTF 2 (kt). Fy, AKD] 0 [PF, () + O, AD)]-Fz, £2K0)
F2u(k)*Fu(kt) 0 R, (D) + g
1 PR, lkt) + q.
Noting that B, | (kt) 0 1 and using (c) in Definition 2.2, we have

Fzmu(kt) [ pF, (ki) + q,

Fomv(kt) O — =1

q
DSMT4 1-

©

Thus, we have z = Lv = ABv.

Since (L, AB) is weakly semi-compatible, we have

Lz = ABz and using Step 4, we also have z = Bz.

Therefore, z= Az = Bz = Sz = Tz = Lz = Mz, thatdds the common fixed point of the six maps iis ttase also.
Step 10:For uniqueness, let w (W z) be another common fixed point of A, B, S, Tarid M.

Taking x =z, y =win (3.1.5), we have

Pz (Kt *[F agz,L2(Kt)-Fstw, malKD] O [PFagz, L2(t) + OFagz, stakt)]-Fasz, mu(2Kt)

which implies that
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Fu(kt) O [p + dR, W(D]F2, w(2kt)
U [p + R, W(B)]IF, w(kD),
Fou(kt) O p + 0R, u(t)

1 p + gk, u(kt)

F,w(kt) O L =1.

psmT4 19

Thus, we have z = w.

This completes the proof of the theorem.

If we take B = T =} (the identity map on X) in theorem 3.1, we hawe filllowing:

Corollary: Let A, S, L and M be self maps of a complete Merggace (X, F, *) with t * tJ t satisfying :
o LX) 10 S(X), M(X) [ A(X);
» Either L or A is continuous;
* (L, A) is weakly semi-compatible and (M, S) is weadmpatible;
» there exists a constantk(0, 1) such that

FZ._X,My(kt)*[FAX,,_X(kt).FSy, my(KDT O [PFax, ix(t) + 0Fax, sy(t)].Fax, my(2kt) for all x, yI X and t > 0 where 0 < p, g <
1suchthatp +q=1.

Then A, S, L, and M have a unique common fixedpimi X.
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